We prove the following results. (i) One-dimensional Bose gases which interact via unscaled integrable pair interactions and are confined in an external potential increasing faster than quadratically undergo a complete generalized Bose-Einstein condensation (BEC) at any temperature, in the sense that an o(N ) number of one-particle states are occupied by a macroscopic number of particles.
Introduction
The idea of Bose-Einstein condensation (BEC) in a one-dimensional interacting Bose gas first appeared in Girardeau's 1960 paper about the ground state of the δ-gas in the impenetrable limit [1] . Based on an approximate calculation, Girardeau suggested that there is no BEC in the ground state but, instead, there is a complete generalized BEC (GBEC) in the sense that 
Here N is the number of particles, n k is the ground state expectation value of the occupation number of the one-particle state ∼ exp(ikx) and ρ is the density. Later Schultz [2] disproved this conjecture by showing that the double limit in (1) yields zero. A subsequent work by Lenard [3] on the momentum distribution confirmed this conclusion. Yet, BEC or GBEC in the ground state of the soft-δ-gas has been a most interesting open problem ever since the Bethe-Ansatz solution by Lieb and Liniger was published [4] . Although there is no rigorous proof of the absence of BEC in the δ-gas, different approximate methods, as an effective long-range theory [5] , expansion to first order in 1/c where c is the prefactor of δ [6] and conformal field theoric approach [7] , predict a power-law decay of the ground state expectation value of the boson field operator a * (x)a(0) which excludes an off-diagonal long-range order, i.e. BEC. On the other hand, no conjecture seems to exist about the possibility of GBEC in the soft-δ-gas.
BEC in one dimension has better chances if the gas is confined in an external potential. In [8] it was shown that BEC occurs at any finite temperature if the bosons are in a fixed external potential and interact via a suitably scaled pair interaction,
Here u is an integrable positive function (a soft δ in one dimension is allowed) and b N and α N have to be chosen so that
for some finite C. This result is valid in any dimension d ≥ 1 and imposes
Interactions satisfying this condition cover in any dimension a whole range from mean-field types (α N and, thus, b N tending to zero as N goes to infinity) to sharply concentrated ones (α N and b N going to infinity). Even the mean-field type interactions are nontrivial if the confining potential is locally bounded, thus allowing particles to decrease their interaction by increasing their separation, or if u(x) diverges as x goes to zero. For the noninteracting gas Bose condensation in a fixed trap is a pure ground state phenomenon. 
where λ β = 2πβ/m, this holds if V inreases faster than logarithmically. As it was shown in [8] , at any temperature the N → ∞ limit of the thermal equilibrium state of the corresponding noninteracting gas remains essentially a finite perturbation of the ground state. For this reason, at any finite temperature there is an asymptotically complete condensation into ϕ 0 , the ground state of H 0 . Because the ground state is common for the Bose and Boltzmann gases, there is BEC, although incomplete, at any temperature even in the trapped ideal quantum Boltzmann gas! The reduced oneparticle density matrix of the latter is N e gives the mean number of particles in ϕ 0 (ε 0 is the lowest eigenvalue of H 0 ). Adding a scaled pair interaction (2) with property (4) to the noninteracting gas while keeping the trap fixed has a non-trivial effect, which can be expected by comparing energies: The total free energy of the ideal gas is of the order of 1 (apart from the trivial ground state energy N ε 0 which could be chosen to be zero), while the total interaction energy under condition (3) is of the order of N . BEC survives such a perturbation at all temperatures. Working directly at zero temperature, in three dimensions for b N = N 2 and α N = N (which is Gross-Pitaevskii scaling, satisfying (3)) Lieb and Seiringer were able to prove a complete BEC into the minimizer of the Gross-Pitaevskii energy functional [10] . This is very different from ϕ 0 , also showing the nontrivial effect of the interaction.
The strength of an integrable interaction can be measured either by its integral or by its scattering length. Whether or not a pair interaction u N whose integral is of order 1/N counts to be weak from the other point of view, depends on the space dimension. If u N (x) = α 2 N u(α N x), the scattering length of u N is 1/α N times the scattering length of u. In three dimensions (3) imposes α N ∼ N , thus both the integral and the scattering length are of order 1/N . In two dimensions α 2 N u(α N x) dx = u(x) dx, so u N has to be chosen in a different form in order to comply with (3). In one dimension, with the necessary choice α N ∼ 1/N , we get a scattering length ∼ N , therefore the two criteria of strength contradict each other. This last example is a mean-field type interaction while e.g. α N = N 2 and b N = N represent the opposite limit in one dimension .
Further insight is obtained if scaling of the interaction is transformed into scaling of the potential and the temperature:
where
N multiplies the inverse temperature β, we obtain a joint limit during which N → ∞ and in three dimensions the temperature goes to zero and the trap opens in such a way that the particle density tends to zero, while in one dimension the temperature goes to infinity and the trap closes so that the density diverges. The three dimensional example suggests that whatever high the unscaled temperature, Gross-Pitaevskii scaling α N = N may reduce the thermal equilibrium state to the ground state. However, the joint limit is a tricky thing whose results are difficult to predict. A question which would deserve to be clarified is whether or not BEC remains complete at positive temperatures. The findings of [8] , see Theorem 1 below, are not conclusive in this respect.
The analysis of a Bose gas in a scaled external field or in the presence of scaled interactions is physically well motivated. In experiments the number of particles cannot tend to infinity. However, a significant phenomenon like BEC can perfectly well be identified in a system of a finite number of particles and one can see an intertwined N -dependence of the critical temperature, external field and interaction. Taking the limit N → ∞ and scaling certain quantities during this limit is an abstraction to obtain a mathematically clear-cut answer, not different in its philosophy from the thermodynamic limit in homogenous systems. A recent example of the use of different scaling limits for trapped Bose gases is the discussion of the crossover between three-and one-dimensional behaviour in elongated traps [11] .
The present paper is an extension of the earlier work [8] in two directions. First (Section 2), for a gas in a fixed trap we relax the condition (3) at the price of not being able to prove BEC, only GBEC. We obtain the best result for one dimensional superharmonic traps, i.e. potentials with a faster than quadratic increase. We can prove a complete GBEC at any finite temperature in the presence of unscaled pair interactions, that is, the total interaction energy increasing as N 2 . This result holds also for attractive interactions, showing that the collapse of an attractive Bose gas can be considered as a GBEC. A box is a superharmonic trap and thus, in principle, our findings may have implications for the homogenous δ-gas. However, we can prove GBEC only if c/ρ → 0 as N → ∞. In other words, we just fail to prove it for the interacting gas. A reason of this failure may be that probably there is no Bose condensation, ordinary or generalized, in the ground state of the homogenous soft-δ-gas. Although our method is too weak to prove BEC in homogenous interacting gases, some nontrivial bounds can be obtained and are presented in Section 2 (equations (19) and (20)).
In the case of a gas in a fixed trap our proof either yields BEC/GBEC for any finite temperature or does not yield it at all. In the second part (Section 3) of the paper we are interested in the stability against interactions of BEC which occurs through a phase transition in the noninteracting gas. Because T c = ∞ for fixed traps, it is natural to look for a finite T c by opening the trap together with N → ∞. During this limit the separation of energy levels and, in particular, the gap above the ground state tend to zero, a situation similar to that occurring in the homogenous gas. As a consequence, the difficulties to include interactions start to resemble those appearing in homogenous systems. We consider only the harmonic potential, V (x) = mω 2 x 2 /2. In this case the relevant dimensionless parameter is a = ωβ. In three dimensions it was found [12] that the N -dependent critical temperature of the noninteracting gas is given by
1/3 which is equivalent to say that the replacement of a by aN −1/3 gives rise to BEC at a c = ζ(3) 1/3 ≈ 1.063. Although the one-particle density of states is different, this scaling qualitatively reproduces the properties of the homogenous gas. Since the interactions for which we can prove the survival of condensation are too weak in three dimensions (o(N 1/3 ), negligible on the scale N of the free energy of the noninteracting gas), in Section 3.1 we consider the analogous problem in one dimension. Earlier Ketterle and van Druten [13] found that in the noninteracting gas the N -dependent critical temperature was k B T c (N ) = ωN/ ln(2N ).We start with a detailed study of the noninteracting system. We replace ω by ωγ N or a by aγ N where γ N tends to zero and discuss the different possibilities. Depending on the decay rate of γ N , T c may be infinite or zero or may have a finite positive value. If γ N = ln N/N , T c is finite positive with a c = 1 (equivalently, k B T c (N ) = ωN/ ln N ; although we note that T c (N ) is ill-defined and γ N = ln αN/N leads to a c = 1 for any fixed α > 0) and with BEC for a > 1 and no BEC for a ≤ 1. On the other hand, T c = ∞ if γ N /(ln N/N ) → ∞ and T c = 0 if γ N /(ln N/N ) → 0. In particular, for γ N = 1/N we find T c = 0 and an extensive free energy and can, therefore, identify this scaling limit with that of the homogenous system. Since exact computations are possible, for the critical scaling we can obtain the asymptotic distribution of n 0 , the number of particles in the ground state, and its mean value together with finite-size corrections. We find that for a < 1 the limit distribution of n 0 /N a is exponential and n 0 /N a → 1. For a > 1 the condensate density n 0 /N → 1 − a −1 and the fluctuation of n 0 is huge, (ln N/N )(n 0 − n 0 ) is asymptotically distributed following Gumbel's law. This holds true at the critical point a = 1 as well where n 0 = N ln ln N/ ln N + O(N/ ln N ). Not surprisingly, the free energy is subextensive,
for any a > 0, with no singularity at a = 1. A subtle difference compared with the three dimensional case, revealing itself only through the details described above, is that at all temperatures the 'normal' component of the gas forms a complete generalized Bose-Einstein condensate with the participation of at most ∼ N/ ln N one-particle levels. We prove this in Section 3.2. We also show there that for a < 1 a large number of low-lying levels are equally occupied by N a particles, and for a > 1 particles not condensed into the one-particle ground state are in a generalized condensate at its critical point and there is no fragmented condensation, n i = o(N ) for each i > 0. In Section 3.3 we study the effect of interactions. We can only prove that at least a complete GBEC occurs at all temperatures provided that U N βH 0 N /N ln N goes to zero as N tends to infinity. Here U N is the N -particle interaction energy and U N βH 
Generalized Bose condensation in traps 2.1 Preliminaries
The Hamiltonian of N noninteracting bosons is
We allow the confining potential V and thus the one-particle Hamiltonian H 0 to depend on N , and omit to indicate the resulting N -dependence of the eigenvalues ε 0 < ε 1 ≤ ε 2 ≤ · · · and eigenvectors ϕ j . The N -particle interaction energy and the corresponding Hamiltonian will be denoted by U N and H N = H 0 N + U N , respectively. U N is supposed to be bounded from below. As in [8] , for a positive integer J and a positive number δ we define the modified Hamiltonians H 0 (J, δ), H 0 N (J, δ) and H N (J, δ) by replacing ε j with ε j + δ for j ≤ J in the spectral resolution of H 0 . For an operator A, A βH = Tr A e −βH / Tr e −βH with the trace taken in the N -particle symmetric subspace. In particular, n j βH is the mean occupation number of ϕ j .
The basic estimate we use for proving BEC or GBEC in the interacting gas is the following.
This bound is a consequence of the identity
the convexity of the logarithm of the trace as a function of βδ and Bogoliubov's convexity inequality [14] ln Tr e
−βH1
Tr e −βH2 ≥ −β
cf. the first part of the proof of Theorem 2 in [8] . Lemma 2.1 is useless in the case of hard-core interactions which yield −∞ on the right-hand side of the inequality (8), but in the case of integrable interactions it leads to nontrivial results. Suppose that V is fixed, and
One can show that 1
is independent of N . In [8] the above lemma and the bound (12) were used to prove
and for any β > 0
where J is uniquely defined through
The main example is (2) with (4). Since ε j are independent of N , J is also independent of N and (13) means that at least one of ϕ 0 . . . , ϕ J is macroscopically occupied. This is just Bose-Einstein condensation because of the following simple result shown in [8] .
Lemma 2.2 Let σ(N ) be any N -particle density matrix and ϕ any normalized element of the oneparticle Hilbert space. If
where σ 1 (N ) is the one-particle reduced density matrix corresponding to σ.
Thus (ϕ j , σ 1 ϕ j ) = n j βHN = O(N ) for at least one of j = 0, . . . , J and therefore the maximum eigenvalue of σ 1 is also of order N , implying BEC. The logic of the use of Lemma 2.1 for proving GBEC is somewhat different: First we make an appropriate choice of J and then we impose the necessary condition on the interaction. An obvious consequence of Lemma 2.1 is
The inequality (15) implies at least GBEC. Note that δ = δ(J, N ) with a separate dependence on N through the eigenvalues of H 0 if V is scaled. The positivity of the left member of (14) can hold with a single term, j = 0, of the sum.
The results of the theorem and the proposition above apply to the ground state as well, if we take first the limit β → ∞, then N → ∞. The point in the application of Lemma 2.1 for proving BEC or GBEC is that the lower part of the spectrum of H 0 is shifted upwards in such a way that the ground state of the modified Hamiltonian H 0 (J, δ) remains ϕ 0 , the ground state of H 0 . Therefore
and there is BEC or GBEC in the ground state of the interacting gas provided that
It is interesting to see why and how the method described above fails in proving BEC or GBEC of the homogenous Bose gas. It suffices to exhibit this failure on the ground state. Let us consider first the one-dimensional homogenous δ-gas, that is, u(x) = 2cδ(x) and
or take a periodic boundary condition at 0 and
/L and therefore GBEC follows from Proposition 2.1 and equation (17) if lim J/N = 0 and
e. a vanishing interaction. Still, Proposition 2.1 yields a nontrivial estimate for interacting homogenous gases. Let, in general, 
where v d is the volume of the unit ball in d dimensions. Then the zero temperature version of Proposition 2.1 for homogenous gases proves
the macroscopic occupation of a macroscopic number (19) of lowest lying levels. Although we fail to prove BEC, the bound (20) is nontrivial because the number of levels is infinite for finite N . To use Proposition 2.1 at positive temperatures, BEC or GBEC has to be proven in the noninteracting gas with the shifted spectrum. This is a minor problem if the external potential is fixed, as in the case of our forthcoming discussion of GBEC in superharmonic traps. For the scaled harmonic potential we will have to pay somewhat more attention to this question.
Superharmonic traps in one dimension
In one dimension the particularity of potentials with x 2 /V (x) → 0 as |x| → ∞ is that n/ε n → 0 as n → ∞. As an example, for homogenous potentials V (x) = c|x| η semiclassical quantization yields the eigenvalues in the form
2η 2+η
showing that the eigenvalues increase faster than linearly if η > 2. Note that Sturmian theory [15] confirms the semiclassical formula (21). Let, therefore, H 0 be a fixed one-particle Hamiltonian with a spectrum such that n/ε n → 0 (which is our definition of a superharmonic trap in one dimension) and choose J(N ) → ∞ in such a way that lim J/N = 0 and lim N/ε J = 0. Then for δ = ε J+1 − 1 2 (ε 0 + ε 1 ) we also have lim N/δ = 0. In [8] we proved that in the case of a noninteracting gas in a fixed trap there exists a uniform upper bound on the mean value of N ′ = N − n 0 , namely, for any N and any µ < ε 1 − ε 0
Similar inequality holds for N ′ βH 0 N (J,δ) , with the exception that the bound still depends on N because ε n − ε 0 has to be replaced by ε n − ε 0 − δ if n > J. However, due to superharmonicity, for n ≥ J + 2 we can use the estimate
if N (and thus J) is large enough. Choosing e.g. µ = 1 4 (ε 1 − ε 0 ), for sufficiently large N we obtain
Therefore
and the inequality (14) holds if
In words, GBEC follows if the mean interaction energy U N βH 0 N does not exceed N δ ≈ N ε J , the maximum energy of N noninteracting particles in the would-be (generalized) condensate.
If U N is a pair interaction, we can use the estimate (12) and
If the interaction is stable, inf U N /N ≥ −B for some constant B; if it is not stable still inf U N /N ≥ −(N − 1) inf u N /2. In either case, for u N = u integrable, bounded from below and independent of N the quantity in the square bracket is of the order of N and thus the limit in (28) vanishes. We therefore obtained 
The claim of the theorem could be made stronger. For instance, in a box (18) with a fixed L independent of N , J and δ ∼ ε J can grow almost as fast as N and N 2 , respectively, and therefore we can obtain GBEC for interactions as strong as
3 Scaled harmonic trap in one dimension 3.1 Bose condensation via phase transition in the noninteracting gas
The one-particle Hamiltonian is
Measuring the energy from that of the ground state, the partition function for N noninteracting particles reads
with
where we have introduced the notation a = ωβ and used β(ε j − ε 0 ) = ja. The key to the forthcoming analysis is
and the probability of having m particles in excited states is
Proof. P N,a (N ′ = m) = q m,a /Q N,a and (34) follows from (33) through q m,a = Q m,a − Q m−1,a . Now Q N,a can be rewritten as
from which (33) follows. An alternative way is to compute first q m,a by using that it is the generating function of p m (n), the number of (unordered) partitions of n into m parts,
because p m (n) = 0 for n < m. Starting with the identity
valid for n > m ≥ 1, one can derive the recurrence relation
from which (34) follows by induction and (33) by (31) and (39).
Due to the simple form of P N,a (N ′ = m) we can obtain precise asymptotic results on the distribution of n 0 in the case of different scalings. In what follows, we discuss the thermodynamics of the noninteracting gas in a scaled harmonic trap,
where V (x) = 
From Lemma 3.1
Let 0 < λ N < 1 and m = m(N, λ N ) = ⌊N (1 − λ N )⌋. Taking the logarithm of equation (42) and expanding the right member in Taylor series we find
.
A N k (λ N ) are nonnegative, monotone decreasing with k and increasing with λ N . Later on,
will be used. The following two propositions serve to find necessary conditions on the sequence a N which give rise to a trivial asymptotic distribution of n 0 /N . In this section we use the notation n 0 N,aN for n 0 βH 0
there is no Bose-Einstein condensation.
Proof.
To obtain the vanishing probability it suffices to show that A N 1 → ∞. From the inequalities
valid for x > 0,
indeed. Moreover,
If the stronger condition ln N − N a N → ∞ is fulfilled, (45) and therefore (46) hold true for all λ > 0. This implies the absence of BEC.
The counterpart of Proposition 3.1 is
Proposition 3.2 Suppose that
λ N → λ ≤ 1 and (1 − λ N )N a N − ln N → ∞ .(50)Then P N,aN n 0 N ≥ λ N → 1 and lim N →∞ 1 N n 0 N,aN ≥ λ . (51) If N a N / ln N → ∞ then 1 N n 0 N,aN → 1, i.e.
there is a complete Bose-Einstein condensation.
Proof. Using (47) and
which implies the result on the limit of the probability. On the other hand,
Suppose now that N a N / ln N → ∞. One can choose a sequence λ N → 1 in such a way that (1 − λ N )N a N / ln N → ∞. Then (50) is fulfilled and (53) holds for λ = 1.
From Propositions 3.1 and 3.2 we can identify the scalings which yield trivial limits:
and there is a complete BEC at all T < ∞.
Proof.
In the first case N a N / ln N → 0 and thus ln N − N a N → ∞ for any a < ∞ i.e. T > 0, and Proposition 3.1 applies. In the second case N a N / ln N → ∞ for any a > 0 i.e. T < ∞, and Proposition 3.2 applies.
Thus, we have found that a phase transition can occur only if N γ N / ln N has a finite nonvanishing limit. In this case without restricting generality we suppose that
Choosing a different prefactor can only change the critical temperature. Propositions 3.1 and 3.2 already yield the phase transition:
Moreover,
Proof. This is a temporary result. We will show, among others, that for a ≥ 1 the probability of having n 0 /N > 1 − a −1 tends to zero and thus the distribution of n 0 /N becomes degenerate and concentrated on 1 − a −1 . This will imply that in (56) there is equality.
Proposition 3.3 Suppose that
where 0 < ǫ N < − ln 1 − e −(1−λN )N aN → 0.
Proof. Let us rewrite equation (43) in the form
ln P N,aN n 0 N ≥ λ N = −A N 1 1 + ∞ k=1 A N,k+1 A N 1 .(59)
Now
A N,k+1
and therefore
as N → ∞.
Henceforth, we concentrate on the phase transition. With the scaling (54) the condition (57) is satisfied if a > 0 and λ < 1. Most of the results listed in the theorem below follow from Proposition 3.3 applied to this case,
Theorem 3 The scaling a N = a ln N/N leads to a phase transition at a ≡ ωβ = 1 with no BEC for a ≤ 1 and BEC for a > 1. In detail, the following hold true.
(ii) For a ≥ 1 and
Equivalently,
II. Mean value of n 0 .
(ii) For a ≥ 1
In particular,
III. For any a > 0 the free energy of N particles is 
The sums are actually finite but the upper bounds tend to infinity with N . Using the inequalities (44) and (47)
for N large enough. For the left and right members of (73) m∆e −(m−1)∆/2 is a summable upper bound, thus we can interchange the limit N → ∞ and the summation over m to find, with (63) and the convexity of the exponential,
Letting ∆ tend to zero the Riemann sums go to
For any ∆ > 0
The sums are finite with the upper and lower bounds tending to infinity as N increases. Suppose that we can interchange the summation with the limit N → ∞. Then (65) yields
Now exp{−a −1 e ax } is concave if x < a −1 ln a and convex if x > a −1 ln a. Accordingly, we divide the sums in two parts, bound the differences in the square brackets with ∆ times the derivatives at the upper or lower end of the intervals and let ∆ go to zero. Both the upper and lower bound of f N (n 0 ) N,aN converge to η(a). Equation (69) follows by simple rearrangement. In (77) the interchange of the summation with the limit N → ∞ is again based on the dominated convergence theorem. However, the sums have to be divided in two parts. For m > 0 we can use (44) with (72) and x = (m − 1)∆ as an upper bound on the difference (actually on both terms) in the square brackets because A N 1 (λ N ) ≥ (2a)
−1 e ax if N is large enough. For m < 0 only the difference in the square bracket is small. Using (61) a lengthy but straightforward computation yields
which decays exponentially as m → −∞ thus yielding a summable upper bound. Equation (70) is a consequence of (69) but can also be obtained directly from the degenerate distribution (64): Choose any ǫ > 0.
Taking the limit N → ∞ and applying (64),
which holds for any ǫ > 0 and thus for ǫ = 0 as well. III. If Z N,aN denotes the N -particle partition function then
From (33) ln
so that
because γ N → 0 and N γ N = ln N → ∞. Expanding the logarithm and integrating term by term ( n k=1 e −kax /k → − ln(1 − e −ax ) monotonically) we find π 2 /6a and, hence, equation (71).
Remarks.
(1) Equation (66) 
so that this scaling corresponds to the homogenous limit. According to Corollary 3.1, T c = 0 in this case as it has to be in the one dimensional homogenous Bose gas.
Generalized Bose condensation at all temperatures in the noninteracting gas
In the three-dimensional homogenous noninteracting Bose gas above the critical temperature the mean occupation number of each one-particle state remains finite in the thermodynamic limit. This is immediately seen in the grand-canonical ensemble and is valid in the canonical ensemble as well, due to the strong equivalence of ensembles (the Kac density is a Dirac delta). The situation is quite different in the one-dimensional scaled harmonic trap when γ N = ln N/N . As we shall see, there is a complete GBEC at all temperatures. It will also be shown that below the critical temperature the condensate is not fragmented, n i N,aN = o(N ) for i > 0. This means that for a > 1 a condensate in the ground state of H 0 whose density is 1 − 1/a coexists with a generalized condensate of density 1/a. The intuition behind the results of this section is guided by the following observation. (We drop the subscript a N which plays no role here.)
Proof. The reader can easily check that because of
the conditional distribution of n i , given the number of particles in the lower lying eigenstates, satisfies
Multiplying by m and summing over it the right member becomes n 0 N −M while on the left-hand side we obtain the conditional expectation value n i |n 0 + · · · + n i−1 = M N . Multiplying by the probability of the condition and summing over M yields (86).
Because for a < 1 n 0 ≈ N a , we expect that
if i ≪ N 1−a , and that an o(N ) number of lowest lying levels contains roughly all the particles. This should hold true for a > 1 as well and, because of n 0 ≈ N (1 − 1/a), we expect also that
for 1 ≤ i ≪ ln N/ ln ln N . Not all these conjectures will be verified below. We start by proving the second part of (88). 
tends to 1 at least as fast as η N ln N tends to zero. Therefore equation (58) can be replaced by
where ζ N → 0. Because the results of Theorem 3 grouped under points I and II were derived from equation (58) and did not depend on the particular way ǫ N tended to zero, the modified scaling will provide the same outcome. Although we do not use it, we note that the free energy also will be the same.
As a corollary we obtain
One can easily verify that η N ln N → 0. Thus, the result follows by applying Proposition 3.4.
Lemma 3.3
For any noninteracting Bose gas with a one-particle spectrum {ε j } the average occupation numbers in the N -particle canonical ensemble are strictly decreasing with the energy,
Proof. Let x i = exp(−βε i ) and let Z N and Z N,i,j denote the N -particle partition functions of the full system and of the system with missing levels i and j, respectively.
Theorem 4 (ii) For a < 1
Proof.
(i) Let J = 2/a N . We shall prove that
Then for
as N tends to infinity. Thus for N large enough
Dividing by N and taking the limit we obtain (96). Let x = e −aN .
The quantity in the first bracket is x mJ Q m,aN , cf. equation (31). The quantity in the second bracket can be bounded by dropping the constraint
see equation (33). Thus,
because Q m,aN is increasing with m. Taking the logarithm and using Ja N = 2,
Now − ln(1 − x j ) is a positive decreasing function of j, therefore
for m ≥ J. Sustituting this into equation (106) we obtain (100).
(ii) To prove (97) we remark that because of
cf. Lemma 3.3, it suffices to show that lim N −a n i N,aN ≥ 1. Let
where we have used the monotonic increase of n 0 k,aN with k, derived in [17] . By Corollary 3.3 equation (108) 
We show that the limit on the right-hand side is zero.
For L = KN a = iN a ln N we can apply (62) with λ N = ln N/N 1−a . We find
which proves the assertion.
(iii) Choose any δ such that 1 < δ < a. Let K = (δ/a)N and for the sake of notational simplicity suppose that K is integer. From equation (86)
Now N = (a/δ)K, thus
is an increasing function of a (or of β, see [17] ),
where we have used equations (70) and (64). Because this holds for any δ > 1, letting δ tend to 1 we obtain (98) for i = 1. For i > 1 (98) results by applying Lemma 3.3.
To prove (99) choose any η < 1. From equation (86)
Because a N > δ ln K/K, with equation (68) we obtain
which finishes the proof of the theorem. We note that with more effort, using equations (66) and (69) one could prove the precise asymptotics (89) for, at least, any fixed i ≥ 1.
Generalized Bose condensation at all temperatures in the interacting gas
In this section we investigate the possibility of introducing a nontrivial interaction in the system without loosing Bose-Einstein condensation. By nontrivial we mean an interaction providing an energy contribution comparable with or larger than the free energy of the free system. The Hamiltonian of this latter is (40) with γ N = ln N/N while that of the interacting gas is
We return to the notations introduced in Section 2.1. Mean values with respect to the noninteracting gas in the scaled harmonic trap will thus be denoted by · βH 0 N , in contrast to · N,aN used in Sections 3.1 and 3.2. Also, in the case of the spectrally deformed noninteracting gas we apply the notation 
For stable pair interactions
Observe that the scaling condition u N 1 = o(ln N/N ) is somewhat weaker than (3) and, again, examples from mean-field type to sharply concentrated interactions can be obtained.
We note that the discussion of Section 2.2 applies to the case of a fixed harmonic potential. In analogy with Theorem 2 we find that for a fixed harmonic trap and scaled interactions satisfying
there is a complete GBEC at all β > 0. In Theorem 5 we conclude that for somewhat weaker interactions the same holds true even if the frequency of the confining harmonic potential is scaled with γ N = ln N/N . One could also show without much further ado that for more general scalings ω N = γ N ω, where γ N ≥ ln N/N , and U N βH 0
there is a complete GBEC at all temperatures.
Proof.
We use Lemma 2.1 and Proposition 2.
We can conclude by showing that
because from Theorem 4 it follows that
for any β. To prove (118) notice that the spectrum of H 0 (J, δ) − ε 0 − ε J is a part of the spectrum of
In [17] we proved the following result. 
If η j are the eigenvalues of H 1 not contained in the spectrum of H 0 and x j = e −βηj then
where Z denotes partition functions. Because N m=0 P m = 1, (121) follows from the strict monotonous increase of n i βH 0 N with N proven in [17] . We obtain (118) and thereby the proof of a complete GBEC by replacing H 0 with H 0 (J, δ) − ε 0 − ε J and H 1 with 
In the first case by Fourier transforming and applying Schwarz inequality and Parseval formula we get
with µ β denoting the usual L 2 norm of µ β . In the second case dx 1 dx 2 u N (x 1 − x 2 )µ g,β (x 1 , x 2 ) ≤ dz|u N (z)| dy µ g,β (z + y, y) ≤ u N 1 sup z dy µ g,β (z + y, y)
At this point we recall that (6) involves a transformation between two Hilbert spaces, that of L 2 functions of the variables x i and y i = α N x i , respectively. Previously we have only been interested in properties depending on the spectrum of βH 0 . Because β and ω appeared in a single dimensionless combination a = ωβ, γ N could be considered to multiply a and yield a N = aγ N . Here we are estimating functions and have to decide which space to work in. In accordance with equations (40) and (116) we choose to scale the potential which amounts to replace ω by ω N = ωγ N and a by a N = ω N β and to keep β as an independent unscaled variable.
We use Mehler formula [18] 
to obtain µ β (x) = s/π exp(−sx 2 ) s = s(β) = mω N tanh ω N β/2
Because
µ β is an increasing function of s and, therefore, of β: 
Using the bounds (134) and (136) in (129) and (130), respectively, (125) yields (124). The consequence b N = o(α N γ N ) for scaled pair interactions is trivial. By this we finished the proof of the theorem.
